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RESULTS ON ESCAPING SET OF AN ENTIRE FUNCTION AND ITS
COMPOSITION
RAMANPREET KAUR AND DINESH KUMAR
Abstract. Given two permutable entire functions f and g, we establish vital relationship
between escaping sets of entire functions f, g and their composition. We provide some
families of transcendental entire functions for which Eremenko’s conjecture holds. In
addition, we investigate the dynamical properties of the mapping f(z) = z + 1 + e−z.
1. introduction
Let f be a transcendental entire function. For n ∈ N let fn denote the n-th iterate of f.
The set F (f) = {z ∈ C : {fn}n∈N is normal in some neighborhood of z} is called the
Fatou set of f or the set of normality of f. Its complement J(f) is the Julia set of f . For an
introduction to the basic properties of these sets the reader can refer to [3]. The escaping
set of f denoted by I(f) is the collection of those points in the complex plane that tend to
infinity under iteration of f . In general, it is neither an open nor a closed subset of C and
has interesting topological properties. The escaping set of a transcendental entire function
f was studied for the first time by Eremenko [8] who established that
(1) I(f) 6= ∅;
(2) J(f) = ∂I(f);
(3) I(f) ∩ J(f) 6= ∅;
(4) I(f) has no bounded components.
In the same paper he stated the following conjectures:
(i) Every component of I(f) is unbounded;
(ii) Every point of I(f) can be connected to∞ by a curve consisting of escaping points.
For the exponential maps of the form f(z) = ez + λ with λ > −1, it is known, by
Rempe [21], that the escaping set is a connected subset of the plane, and for λ < −1, it
is the disjoint union of uncountably many curves to infinity, each of which is connected
component of I(f) [22]. In [23] it was shown that every escaping point of every exponential
map can be connected to ∞ by a curve consisting of escaping points.
Recall that w ∈ C is a critical value of a transcendental entire function f if there exist
some w0 ∈ C with f(w0) = w and f ′(w0) = 0. Here w0 is called a critical point of f. The
image of a critical point of f is called critical value of f. Also ξ ∈ C is an asymptotic value
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of a transcendental entire function f if there exist a curve Γ tending to infinity such that
f(z)→ ξ as z →∞ along Γ. The set of critical values and asymptotic values of f will be
denoted by CV (f) and AV (f) respectively.
For the Eremenko-Lyubich class
B = {f : C→ C transcendental entire : Sing(f−1) is bounded}
(where Sing(f−1) is the set of critical values and asymptotic values of f and their finite
limit points), it is well known that I(f) is a subset of the Julia set J(f), [9]. Each f ∈ B
is said to be of bounded type. Also if f and g are of bounded type, then so is f ◦ g [5], i.e.
functions in B are closed under taking composition.
A set W is forward invariant under f if f(W ) ⊂ W and W is backward invariant under
f if f−1(W ) = {w ∈ C : f(w) ∈ W} ⊂ W. Moreover, W is called completely invariant
under f if it is both forward and backward invariant under f. We will be dealing mostly
with permutable entire functions where two functions f and g are called permutable or
commuting if f ◦ g = g ◦ f.
Recently, the dynamics of composite of two or more complex functions have been studied
by many authors. The seminal work in this direction was done by Hinkkanen and Martin
[11] related to semigroups of rational functions. In their papers, they extended the classical
theory of the dynamics associated to the iteration of a rational function of one complex
variable to a more general setting of an arbitrary semigroup of rational functions. Several
results were extended to semigroups of transcendental entire functions in [13, 14, 16, 17,
19, 24]. The second author [16] established several classes of transcendental semigroups
for which Eremenko’s conjecture holds.
In this article, we have investigated relationship between escaping sets of two permutable
entire functions. To our best knowledge, it has not been studied so far what can be said
about relation between escaping set of entire functions f, g and their compositions. Our
aim in this paper is to tackle this problem and establish several such relationships. We
have shown that postsingularly bounded entire functions and hyperbolic entire functions
(to be defined in Section 2) are closed under taking compositions. We provide families
of transcendental entire functions for which Eremenko’s conjecture holds. In addition, we
investigate some dynamical properties of the mapping f(z) = z + 1 + e−z.
2. results
In this section, we establish several relationship between escaping sets of two permutable
entire functions f, g and their compositions. We first establish an important relation
between I(f), I(g) and I(f ◦ g) for two permutable entire functions f and g.
Theorem 2.1. Let f and g be transcendental entire functions satisfying f ◦ g = g ◦ f.
Then
(i) I(f ◦ g) is completely invariant under f and g;
(ii) I(f ◦ g) ⊂ I(f) ∪ I(g);
(iii) For any two positive integers i and j, I(f i ◦ gj) ⊂ I(f) ∪ I(g);
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(iv) For any two positive integers i and j, I(f i ◦ gj) ⊂ I(f ◦ g).
Proof. (i) We first show that z ∈ I(f ◦g) if and only if g(z) ∈ I(g ◦f). Let z ∈ I(f ◦g).
Then (f ◦g)n(z)→∞ as n→∞, i.e., f((g◦f)n−1g(z))→∞ as n→∞. As f is an
entire function, this implies that (g◦f)n−1g(z)→∞ as n→∞, i.e., g(z) ∈ I(g◦f).
On the other hand, let g(z) ∈ I(g ◦ f). Then (g ◦ f)n(g(z)) → ∞ as n → ∞, i.e.,
g((f ◦ g)n(z))→∞ as n→∞. Again, as g is entire, this forces (f ◦ g)n(z)→∞ as
n→∞. We deduce that z ∈ I(f ◦ g) which proves the claim. As f ◦ g = g ◦ f, we
obtain z ∈ I(f ◦g) if and only if g(z) ∈ I(f ◦g) which implies I(f ◦g) is completely
invariant under g, and by symmetry, under f as well.
(ii) Suppose that z 6∈ I(f) and z 6∈ I(g). We shall prove that z 6∈ I(f ◦ g).
Consider the following infinite sequences of rows where each row consists of orbit
of {gk(z) : k ∈ N} under f :
f(g(z)), f 2(g(z)), f 3(g(z)), . . .
f(g2(z)), f 2(g2(z)), f 3(g2(z)), . . .
f(g3(z)), f 2(g3(z)), f 3(g3(z)), . . .
...
...
...
f(gk(z)), f 2(gk(z)), f 3(gk(z)), . . .
...
...
...
Since z 6∈ I(f) and z 6∈ I(g), therefore each of the above sequence is bounded
and hence has a limit point. We can assume that each of the above sequence is
actually convergent. Let l be the limit of the sequence corresponding to first row,
i.e., fn(g(z))→ l as n→∞ which gives fn(g2(z)))→ g(l) as n→∞. Proceeding
on similar lines, we have fn(gk(z)))→ gk−1(l) as n→∞. Let
X = {l, g(l), g2(l) . . .}.
We have the following cases to consider.
Case 1: l = g(l) i.e., l is a fixed point of g, then gk(l) = l, ∀ k ∈ N. In particular,
we can extract a subsequence {fn(gn(z)), n ∈ N} which also converges to l, i.e.,
lim
n→∞
fn(gn(z)) = l( 6=∞) from which we see that z 6∈ I(f ◦ g).
Case 2: gm(l) = gm+j(l) for some m ∈ N and j ≥ 1 i.e., gm(l) is a fixed point of g,
which in turn implies
lim
n→∞
fn(gm+j(z)) = gm+j(l)
= gm(l), j ≥ 1.
This gives lim
n→∞
fn(gk(z)) = gm(l), ∀ k ≥ m. Therefore, lim
n→∞
fn(gn(z)) = gm(l)( 6=
∞) from which we deduce that z 6∈ I(f ◦ g).
Case 3: When X is an infinite set then it has a limit point α (say) i.e., gk−1(l)→ α
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as k →∞. We consider the following two subcases:
Subcase 1: α is finite.
As we have fn(g(z))→ l as n→∞, so by continuity of g we have lim
n→∞
fn(gk(z)) =
gk−1(l). This implies that lim
k→∞
lim
n→∞
fn(gk(z)) = α. Thus, every subsequence will
also converge to α, i.e., lim
n→∞
fn(gn(z)) = α so that z 6∈ I(f ◦ g).
Subcase 2: α is infinity.
By using similar arguments, we have lim
k→∞
lim
n→∞
fn(gk(z)) = ∞. In particular,
lim
n→∞
fn(gk(z)) = ∞, i.e. gk(z) ∈ I(f) which implies that z ∈ I(f), which is a
contradiction to our supposition. This completes the proof of the result.
(iii) For i, j ∈ N, assume i ≥ j. Now using previous result we have
I(f i ◦ gj) = I(f i−j ◦ f j ◦ gj)
⊂ I(f i−j) ∪ I(f j ◦ gj)
= I(f) ∪ I(f ◦ g)
⊂ I(f) ∪ I(g).
(iv) Suppose that i > j. Then j + k = i for some k ∈ N. Let z ∈ I(f i ◦ gj), i.e.,
(f i ◦ gj)n(z) → ∞ as n → ∞. Suppose that z 6∈ I(f ◦ g), i.e., (f ◦ g)n(z) → l
(say), as n→∞. Consider the following infinite sequences of rows where first row
consists of orbit of z under f ◦g and the successive rows are the images of this orbit
under fk, k ∈ N respectively:
f(g(z)), f 2(g2(z)), . . . , f j(gj(z)), . . . , f i(gi(z)), . . . , f 2j(g2j(z)), . . .
f 2(g(z)), f 3(g2(z)), . . . , f j+1(gj(z)), . . . , f i+1(gi(z)), . . . , f 2j+1(g2j(z)), . . .
...
...
...
f 1+k(g(z)), f 2+k(g2(z)), . . . , f j+k=i(gj(z)), . . . , f i+k(gi(z)), . . . , f 2j+k(g2j(z)), . . .
...
...
...
f 1+2k(g(z)), f 2+2k(g2(z)), . . . , f i+k(gj(z)), . . . , f i+2k(gi(z)), . . . , f 2j+2k=2i(g2j(z)), . . .
...
...
...
The first row converges to l. Using continuity of f, second row will converge to
f(l) and so on. Let
{l, f(l), . . .}
be the collection of limit points corresponding to the rows. Hence has a limit point
α (say).
Case 1: α( 6=∞)
i.e. lim
r→∞
f r−1(l) = α. As lim
n→∞
fn(gn(z)) = l, so lim
n→∞
fn+r−1(gn(z)) = f r−1(l). This
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gives
lim
r→∞
lim
n→∞
fn+r−1(gn(z)) = lim
r→∞
f r−1(l)
= α( 6=∞).
Therefore, every subsequence will also converge to α. In particular, lim
n→∞
f i(gj(z)) =
α( 6=∞),which is a contradiction.
Case 2: α is infinity.
i.e., lim
r→∞
f r−1(l) =∞. We deduce that
lim
r→∞
lim
n→∞
fn+r−1(gn(z)) = lim
r→∞
f r−1(l)
=∞.
In particular, lim
n→∞
fn(gn(z)) =∞, i.e., z ∈ I(f ◦ g) which is a contradiction to our
hypothesis. 
Recall that the postsingular set of an entire function f is defined as
P(f) =
( ⋃
n≥0
fn(Sing(f−1))
)
.
Also an entire function f is called postsingularly bounded if the postsingular set P(f) is
bounded. The following result shows that postsingularly bounded entire functions are
closed under composition:
Theorem 2.2. Let f and g be permutable transcendental entire functions of bounded type.
If f and g are postsingularly bounded, then so is f ◦ g.
Proof. Denote A = Sing(f−1), B = Sing(g−1) and C = Sing(f◦g)−1. It suffices to show that
for all w ∈ C, (f ◦g)n(w) is bounded as n→∞. Suppose that for some α ∈ C, (f ◦g)n(α)→
∞ as n→∞, i.e., α ∈ I(f ◦ g). As C ⊂ A∪ f(B) [5], therefore, either α ∈ A or α ∈ f(B).
Also as I(f ◦ g) ⊂ I(f) ∪ I(g), accordingly we have the following four cases:
(i) α ∈ A and α ∈ I(f). In this case, we arrive at a contradiction to postsingular set
of f being bounded.
(ii) α ∈ A and α ∈ I(g). As g is of bounded type, so I(g) ⊂ J(g), and as f ◦ g = g ◦ f,
therefore J(f) = J(g) [14]. We obtain α ⊂ A ∩ J(f). Since α ∈ P(f) and f being
postsingularly bounded implies P(f) ⊂ F (f), i.e., α ∈ F (f) a contradiction.
(iii) α ∈ f(B) and α ∈ I(f). As f is of bounded type, I(f) ⊂ J(f) and as argued above
J(f) = J(g). Also as B ⊂ P(g) ⊂ F (g), implies f(B) ⊂ f(F (g)). This further
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implies
f(B) ∩ J(g) ⊂ f(F (g)) ∩ J(g)
⊂ F (g) ∩ J(g)
= ∅,
a contradiction.
(iv) α ∈ f(B) and α ∈ I(g). As α ∈ f(B), so α = f(β) for some β ∈ B. As f(β) ∈ I(g),
so gn(f(β)) → ∞ as n → ∞. Since f and g are permutable, f(gn(β)) → ∞ as
n→∞. As f is an entire function, gn(β) must tend to ∞ as n→∞, i.e, β ∈ I(g),
a contradiction to postsingular set of g being bounded.
Thus in all the four cases we arrive at a contradiction. Hence f ◦ g is postsingularly
bounded. 
Remark 2.3. It can be seen by induction that if g1, . . . , gn are permutable entire functions
of bounded type which are postsingularly bounded, then so is g1 ◦ · · · ◦ gn.
In [23] it was shown that if f is an exponential map, that is, f = eλz, λ ∈ C \ {0}, then
all components of I(f) are unbounded, i.e., Eremenko’s conjecture [8] holds for exponential
maps. Furthermore, in [20] it was shown that if f is an entire function of bounded type
for which all singular orbits are bounded (i.e., f is postsingularly bounded), then each
connected component of I(f) is unbounded, providing a partial answer to a conjecture of
Eremenko [8]. Theorem 2.2, in particular, establishes that for a family F of permutable
entire functions (i.e., any two members in the family are commuting) of bounded type
which are postsingularly bounded, each connected component of I(f), f ∈ F is unbounded,
providing a partial answer to a conjecture of Eremenko [8].
Recall that an entire function f is called hyperbolic if the postsingular set P(f) is a
compact subset of F (f). For instance, eλz, 0 < λ < 1
e
are examples of hyperbolic entire
functions. It follows from result [20, Theorem 1.1] that if f ∈ B is hyperbolic, then all
components of I(f) are unbounded.
The following result shows that hyperbolic entire functions are closed under composition:
Theorem 2.4. Let f and g be hyperbolic entire functions of bounded type satisfying f ◦g =
g ◦ f. Then f ◦ g is hyperbolic.
Proof. It can be easily seen that
P(f ◦ g) ⊂
(⋃
k≥0
fk(P(g))
⋃
(
⋃
m≥0
gm(P(f)))
)
.
As f and g are hyperbolic, P(f) and P(g) are compact subsets of F (f) and F (g) respec-
tively. Also as f and g are permutable entire functions of bounded type we have F (f) =
F (g) [14]. As f is of bounded type, for z ∈ F (f), fn(z) stays bounded as n → ∞ [9]. It
follows that
⋃
k≥0 f
k(P(g)) is bounded subset of F (f). On similar lines,
⋃
m≥0 g
m(P(f))
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is bounded subset of F (f). Therefore,
(⋃
k≥0 f
k(P(g))
⋃
(
⋃
m≥0 g
m(P(f)))
)
is a compact
subset of F (f) = F (f ◦ g) [14]. Hence, P(f ◦ g) is a compact subset of F (f ◦ g) and the
result gets established. 
Remark 2.5. It can be seen by induction that if g1, . . . , gn are permutable entire functions
of bounded type which are hyperbolic, then so is g1 ◦ · · · ◦ gn.
Theorem 2.4, in particular, establishes that for a family G of permutable entire func-
tions of bounded type which are hyperbolic, each connected component of I(g), g ∈ G is
unbounded, providing a partial answer to a conjecture of Eremenko [8].
The following result considers backward invariance of the escaping set under the com-
posite entire function:
Theorem 2.6. Let f and g be transcendental entire functions satisfying f ◦ g = g ◦ f.
Then
(1) I(f) and I(g) are backward invariant under f ◦ g;
(2) If w /∈ I(f) then g(w) /∈ I(f);
Proof. (1) Suppose w ∈ C such that f ◦ g(w) ∈ I(f). Then fn(f ◦ g(w)) → ∞ as
n → ∞, i.e., g(fn+1(w)) → ∞ as n → ∞. As g is an entire function, this implies
that fn+1(w) must tend to∞ as n→∞ and hence w ∈ I(f). On similar lines, one
can show that I(g) is backward invariant under f ◦ g. This completes the proof of
the result.
(2) If g(w) ∈ I(f), then fn(g(w))→∞ as n→∞, i.e., g(fn(w))→∞ as n→∞. As
g is an entire function, this implies fn(w) must tend to ∞ as n → ∞ contrary to
our assumption and hence proves the result. 
Recall that if g and h are entire functions and f : C → C is a non-constant continuous
function such that f ◦ g = h ◦ f, then we say that g and h are semiconjugated (by f) and
f is called a semiconjugacy. This definition first appeared in [6] where it was shown that
for given entire functions g and h, there are at most countable number of entire functions
f such that f ◦ g = h ◦ f.
Theorem 2.7. If g and h are semiconjugated by f then f−1(I(h)) ⊂ I(g).
Proof. Let w ∈ f−1(I(h)). Then hn(f(w)) → ∞ as n → ∞, which in turn implies
f(gn(w)) → ∞ as n → ∞. But this gives gn(w) must tend to ∞, i.e., w ∈ I(g) and
hence the result. 
The particular case when f is entire and h = g gives
Corollary 2.8. Let f and g be transcendental entire functions satisfying f ◦ g = g ◦ f.
Then g(I(f)) ⊃ I(f).
The result can be extended up to closure of the escaping set.
Theorem 2.9. Let f and g be entire functions and f ◦ g = g ◦ f. Then I(f) ⊂ g(I(f)).
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Proof. Suppose w ∈ I(f). Then there exist a sequence {zn} ⊂ I(f) such that zn → w as
n→∞. Denote a continuous branch of g−1 by g−1 itself, we get that g−1(zn)→ g
−1(w) as
n → ∞. Using Corollary 2.8 we get g−1(zn) ⊂ I(f) and so g
−1(w) ∈ I(f) and hence the
result. 
3. some properties of the map f(z) = z + 1 + e−z
In this section we explore some dynamical properties of the map f(z) = z + 1 + e−z.
Throughout this section, by f and g we will denote the map f(z) = z + 1 + e−z and
g(z) = f(z) + 2pii, unless otherwise mentioned. We show in the next example that in
general, for two permutable entire functions f and g (where f(z) = z + 1+ e−z ), I(f ◦ g)
may not be contained in I(f)∩I(g). The function f appeared first in a paper of Fatou [10].
In this paper, Fatou discussed the iterative behavior of transcendental entire functions and
established some fundamental properties of the Fatou and Julia sets. He further posed
some stimulating fundamental questions about the topological properties of the Julia set
of a transcendental entire function which led to further developments.
Example 3.1. Let f(z) = z + 1 + e−z and g(z) = f(z) + 2pii. It can be easily seen that
f ◦ g = g ◦ f. F (f) has a Baker domain containing the right half plane Hr = {z ∈ C :
ℜ(z) > 0} and so f is not of bounded type. Observe that
(3.1) (f ◦ g)n(z) = f 2n(z) + 2npii
and
(3.2) (g ◦ f)n(z) = f 2n(z) + 2npii
Let Fix(f) denote the fixed point set of f. Then Fix(f) = {z ∈ C : z = (2k+1)ipi, k ∈ Z}.
For each z ∈ Fix(f), z /∈ I(f). Also for z ∈ Fix(f), we have
(f ◦ g)n(z) = (2k + 1)ipi + 2npii
→∞ as n→∞.
(3.3)
which implies that z ∈ I(f ◦ g). Moreover, as gn(z) = fn(z) + 2npii, we get for z ∈
Fix(f), z ∈ I(g). Hence I(f ◦ g) * I(f) ∩ I(g).
We now establish some invariance properties of I(f) and I(g) for the pair of commuting
functions f(z) = z + 1 + e−z and g(z) = f(z) + 2pii. Observe that for l, p ∈ N, f satisfies
f l(z + 2ppii) = f l(z) + 2ppii.
Proposition 3.2. For the pair of commuting functions f(z) = z + 1 + e−z and g(z) =
f(z) + 2pii, g(I(f)) ⊂ I(f) and f(I(g)) ⊂ I(g).
Proof. We first show that g(I(f)) ⊂ I(f). To this end, let z ∈ I(f). Then for n ∈ N
fn(g(z)) = fn(f(z) + 2pii)
= fn+1(z) + 2pii
→∞ as n→∞
(3.4)
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which implies g(z) ∈ I(f) and hence the result. We now show that f(I(g)) ⊂ I(g). Let
w ∈ I(g). Consider for k ∈ N
gk(f(w)) = f(gk(w))
= g(gk(w))− 2pii
→∞ as k →∞
(3.5)
which implies f(w) ∈ I(g) and hence the result. 
Remark 3.3. Using Corollary 2.8 we get I(f) is completely invariant under g and I(g)
is completely invariant under f. Also for each transcendental entire function h, I(h) is
completely invariant under h we get that I(f) is completely invariant under f ◦ g. On
similar lines, I(g) is completely invariant under f ◦ g.
An immediate consequence of Proposition 3.2 is
Corollary 3.4. Let f and g be as in Proposition 3.2. Then g(I(f)) ⊂ (I(f)) and f(I(g)) ⊂
(I(g)).
It is not true in general that for an entire function h if F (h) ∩ AV (h) = ∅, then all
components of F (h) are bounded. The entire function f(z) = z + 1 + e−z serves as
an example for which F (f) is disjoint from the set of asymptotic values AV (f), but all
components of F (f) are unbounded. In fact, from Example 3.1, F (f) has a Baker domain
containing the right half plane Hr. Observe that the critical values of f is the set CV (f) =
{2 + 2kpii : k ∈ Z} so that Sing(f−1) is unbounded.
Recently [7, Theorem 1.2] a characterization was given for boundedness of Fatou com-
ponents of a hyperbolic entire function of bounded type.
Theorem 3.5. [7, Theorem 1.2] Let h be a hyperbolic entire function of bounded type.
Then the following are equivalent:
(i) every component of F (h) is bounded;
(ii) h has no asymptotic values and every component of F (h) contains at most finitely
many critical points.
The entire functions f and g serves as an example of a pair of commuting functions
which satisfies Fix(f) ∩ I(g) 6= ∅ where Fix(f) denotes fixed point set of f. As computed
in Example 3.1, Fix(f) = {z ∈ C : z = (2k + 1)ipi, k ∈ Z}. We assert that Fix(f) ⊂ I(g).
To this end, let z ∈ Fix(f). Then z = (2m+ 1)ipi for some m ∈ Z. Consider
gn(z) = fn(z) + 2npii
= (2m+ 1)ipi + 2npii
→∞ as n→∞
(3.6)
so that z ∈ I(g) which proves the assertion and hence the result.
It can be easily seen that for an entire function h, int(I(h)) ⊂ F (h) where int(S) denotes
interior of a subset S of a topological space X. For obvious reasons, if an entire function
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h is of bounded type then int(I(h)) = ∅. However, if h /∈ B then int(I(h)) can be non
empty. Consider f(z) = z+1+e−z. As observed in Example 3.1, F (f) has a Baker domain
containing the right half plane Hr. In particular, Hr ⊂ I(f) and hence int(I(f)) 6= ∅. This
fact was also observed in [8].
Recall that the order of a transcendental entire function h is defined as
ρh = lim sup
r→∞
log logM(r, h)
log r
where
M(r, h) = max{|h(z)| : |z| ≤ r}.
For an entire function of finite order the number of critical values and asymptotic values
are related. This is expressed in the following result
Lemma 3.6. [4, Corollary 3] If an entire function h of finite order ρh has only finitely
many critical values, then it has at most 2ρ asymptotic values.
However, the function f(z) = z + 1 + e−z serves as an example of an entire function
of finite order viz. 1 having infinitely many critical values (as computed before CV (f) =
{2 + 2kpii : k ∈ Z}) but no finite asymptotic value (or at most 2 asymptotic value), so
that the conclusion of Lemma 3.6 still holds for an entire function of finite order having
infinitely many critical values.
References
[1] I. N. Baker, Wandering domains in the iteration of entire functions, Proc. London Math. Soc. 49
(1984), 563–576.
[2] A. F. Beardon, Iteration of rational functions, Springer Verlag, (1991).
[3] W. Bergweiler, Iteration of meromorphic functions, Bull. Amer. Math. Soc. 29 (1993), 151–188.
[4] W. Bergweiler and A. Eremenko, On the singularities of the inverse to a meromorphic function of
finite order, Rev. Mat. Iberoamericana 11 (1995), 355–373.
[5] W. Bergweiler and Y. Wang, On the dynamics of composite entire functions, Ark. Math. 36 (1998),
31–39.
[6] W. Bergweiler and A. Hinkkanen, On semiconjugation of entire functions, Math. Proc. Cambridge
Philos. Soc. 126 (1999), 565–574.
[7] W. Bergweiler, N. Fagella and L. Rempe, Hyperbolic entire functions with bounded Fatou components,
arXiv:math.DS/14040925, (2014).
[8] A. E. Eremenko, On the iteration of entire functions, Ergodic Theory and Dynamical Systems, Banach
Center Publications 23, Polish Scientific Publishers, Warsaw, (1989), 339–345.
[9] A. E. Eremenko and M. Yu. Lyubich, Dynamical properties of some classes of entire functions, Ann.
Inst. Fourier, Grenoble, 42 (1992), 989–1020.
[10] P. Fatou, Sur l’ite´ration des fonctions transcendantes Entie`res, Acta Math. 47 (1926), no. 4, 337–370.
[11] A. Hinkkanen and G. J. Martin, The dynamics of semigroups of rational functions I, Proc. London
Math. Soc. (3) 73 (1996), 358–384.
[12] X. H. Hua, C. C. Yang, Dynamics of transcendental functions, Gordon and Breach Science Pub.
(1998).
[13] Z. G. Huang and T. Cheng, Singularities and strictly wandering domains of transcendental semigroups,
Bull. Korean Math. Soc. (1) 50 (2013), 343–351.
ESCAPING SET OF AN ENTIRE FUNCTION 11
[14] D. Kumar and S. Kumar, The dynamics of semigroups of transcendental entire functions I, Indian J.
Pure Appl. Math. 46 (2015), 11–24.
[15] D. Kumar, On dynamics of semiconjugated entire functions, J. Ind. Math. Soc. 82 (2015), 53–59.
[16] D. Kumar and S. Kumar, The dynamics of semigroups of transcendental entire functions II, Indian
J. Pure Appl. Math. 47 (2016), 409–423.
[17] D. Kumar and S. Kumar, Semigroups of transcendental entire functions and their dynamics, Proc.
Indian Acad. Sci. (Math. Sci.) 127 (2017), 349–360.
[18] S. Morosawa, Y. Nishimura, M. Taniguchi and T. Ueda, Holomorphic dynamics, Cambridge Univ.
Press, (2000).
[19] K. K. Poon, Fatou-Julia theory on transcendental semigroups, Bull. Austral. Math. Soc. 58 (1998),
403–410.
[20] L. Rempe, On a question of Eremenko concerning escaping sets of entire functions, Bull. London
Math. Soc. 39:4, (2007), 661–666.
[21] L. Rempe, The escaping set of the exponential, Ergodic Theory and Dynamical Systems, 30 (2010),
595–599.
[22] L. Rempe, Connected escaping sets of exponential maps, Ann. Acad. Sci. Fenn. Math. 36 (2011),
71–80.
[23] D. Schleicher and J. Zimmer, Escaping points of exponential maps, J. London Math. Soc. (2) 67
(2003), 380–400.
[24] H. Zhigang, The dynamics of semigroups of transcendental meromorphic functions, Tsinghua Science
and Technology, (4) 9 (2004), 472–474.
Department of Mathematics, University of Delhi, Delhi–110 007, India
E-mail address : preetmaan444@gmail.com
Department of Mathematics, Deen Dayal Upadhyaya College, University of Delhi,
Delhi–110 078, India
E-mail address : dinukumar680@gmail.com
